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1 Introduction

The attempts to geometrically unify the classical ¯elds of gravitation and electromagnetism can be
classi¯ed in two categories (see [1]):

² those consisting in abandoning the Riemannian geometry in the 4-dimensional spacetime by
considering geometries with a±ne connections (symmetric or asymmetric). This is the case
with the attempts of H. Weyl, A.S. Eddington, E. SchrÄodinger and A. Einstein; and

² those consisting in keeping the Riemannian geometry by increasing the dimension of the
spacetime being considered. This is the case with the attempts of T. Kaluza, O. B. Klein and
A. Einstein.

Our approach belongs to the second category by considering a \double" 4-dimensional spacetime
composed of the usual 4-dimensional spacetime and the corresponding dual 4-dimensional spacetime.

The linearization of the ¯elds equations by the so-called \Einstein-Infeld-Ho®mann" (EIH) method,
will allow us to:

² deduct the \Newton-Maxwell-Lorentz" results of classical physics. That is, the gravitational
¯eld and the electromagnetic ¯eld of charged mass points and their equations of motion;

² explain why the Lorentz transformation must be linear in classical physics. This property is
imposed in classical physics by the sake of simplicity, without being formally justi¯ed as it is
the case in the theory we shall describe; and

² show that the electromagnetic ¯eld could not exist without the gravitational ¯eld and by
consequence, that we are not allowed to describe the electromagnetic ¯eld without considering
the gravitational ¯eld.

It is important to say in advance that these deductions will hold separately in each of the two
4-dimensional spacetime being considered. During the linearization process, we will see that by
imposing a formal restriction to the equations and to their solutions, the things happen as if there
was only one 4-dimensional spacetime to consider.
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2 The structure of the spacetime and the metric

The structure of the spacetime on which the theory is based is double, for it is composed of the
usual 4-dimensional spacetime (z1; z2; z3; z4) and the corresponding dual 4-dimensional spacetime³
z
¹1; z

¹2; z
¹3; z

¹4
´
.

z1; z2; z3 represent the usual spacial coordinates x1; x2; x3 and z
¹1; z

¹2; z
¹3 represent the corresponding

dual spacial coordinates x
¹1; x

¹2; x
¹3. In order to facilitate the calculations, z4 which represents the

usual time coordinate will be chosen imaginary: z4 = ict. The same for z
¹4 which represents the

corresponding dual time coordinate: z
¹4 = ic¹t.

This particular structure of the spacetime allows the introduction of the following metric:

ds2 = dzAdz
A = gABdz

AdzB = g®¯dz
®dz¯ + g® ¹̄dz

®dz
¹̄
+ g¹®¯dz

¹®dz¯ + g¹® ¹̄dz
¹®dz

¹̄
(1)

with gAB = gBA symmetric , gABg
BC = ±CA , dzA = gABdz

B and zA = (z®; z ¹®)

Remark:

The following notations are used in this essay:

² Lower Latin indices run over the values from 1 to 3 (spatial coordinates), Greek indices run
over the values from 1 to 4 (spatial and time coordinates) and upper Latin indices run over
the values from the usual and the corresponding dual Greek indices. Repeated dummy indices
indicate an implicit summation:

. gabdz
adzb =

P3
a=1

P3
b=1 gabdz

adzb , ga¹bdz
adz

¹b =
P3
a=1

P¹3
¹b=¹1 ga¹bdz

adz
¹b

. g®¯dz
®dz¯ =

P4
®=1

P4
¯=1 g®¯dz

®dz¯ , g® ¹̄dz
®dz

¹̄
=
P4
®=1

P¹4
¹̄=¹1 g® ¹̄dz

®dz
¹̄

. gABdz
AdzB = g®¯dz

®dz¯ + g® ¹̄dz
®dz

¹̄
+ g¹®¯dz

¹®dz¯ + g¹® ¹̄dz
¹®dz

¹̄

² @Af = @f

@zA
, @®f =

@f

@z®
, @¹®f =

@f

@z ¹®
are partial derivatives

² DAf , D®f , D¹®f are covariant derivatives

² z ¹® is the corresponding dual vector of the usual vector z®

² zA = (z®; z¹®) with z® = (z1; z2; z3; z4) and z ¹® =
³
z
¹1; z

¹2; z
¹3; z

¹4
´

² ¶zA = ¶zA
³
zB
´
with ¶z® = ¶z®

³
z¯
´
and ¶z ¹® = ¶z¹®

³
z
¹̄
´
are coordinate transformations
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3 The coordinate transformations and the tensors

The coordinate transformations that we shall consider are of the form ¶zA = ¶zA
³
zB
´
with

¶z® = ¶z®(z¯) and ¶z¹® = ¶z ¹®(z
¹̄
) .

Under these particular coordinate transformations, a contravariant vector V A will transform ac-
cording to:

¶V A = V K
d¶zA

dzK
) ¶V ® = V K

d¶z®

dzK
= V ²

d¶z®

dz²
+ V ¹²

=0z}|{
d¶z®

dz¹²
) ¶V ® = V ²

d¶z®

dz²
) ¶V ¹® = V ¹²

d¶z ¹®

dz¹²

A covariant vector VA will transform according to:

¶VA = VK
dzK

d¶zA
) ¶V® = VK

dzK

d¶z®
= V²

dz²

d¶z®
+ V¹²

=0z}|{
dz¹²

d¶z®
) ¶V® = V²

dz²

d¶z®
) ¶V¹® = V¹²

dz¹²

d¶z ¹®

The generalization to tensors of any rank is immediate:

¶TAB:D::C = TKL:N::M

d¶zA

dzK
d¶zB

dzL
dzM

d¶zC
d¶zD

dzN
, ¶T®

¹̄:±
::° = T ²

¹µ:¾
::¿

d¶z®

dz²
d¶z

¹̄

dz¹µ
dz¿

d¶z°
d¶z±

dz¾

We may also mix upper Latin indices and Greek indices:

¶TA¹®:¯::B = TK¹²:µ::L

d¶zA

dzK
d¶z¹®

dz¹²
dzL

d¶zB
d¶z¯

dzµ

The inverse transformation is similar:

TA¹®:¯::B = ¶TK¹²:µ::L

dzA

d¶zK
dz¹®

d¶z¹²
d¶zL

dzB
dz¯

d¶zµ

The particular case of the metric tensor:

When we consider the metric tensor gAB, we obtain:

¶gAB = gKL
dzK

d¶zA
dzL

d¶zB
) ¶g®¯ = g²µ

dz²

d¶z®
dzµ

d¶z¯
) ¶g® ¹̄ = g²¹µ

dz²

d¶z®
dz

¹µ

d¶z ¹̄
(2)

These relations mean that ¶g®¯ depend only on g²µ and that ¶g® ¹̄ depend only on g²¹µ . In particular,
if g²¹µ = 0 , we obtain ¶g® ¹̄ = 0 whatever g²µ . It is important to notice that these results are due to
the particular coordinate transformations being considered.
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4 The Christo®el symbols

The calculation
R
±ds = 0 (the variation is operated on the zA), with ds2 = gABdz

AdzB leads to the
following equation:

d2zC

d2s
+ ¡CAB

dzA

ds

dzB

ds
= 0 , ¡CAB =

1
2
gCK (@AgBK + @BgAK ¡ @KgAB) , ¡CAB = ¡CBA symmetric (3)

The Christo®el symbols ¡CAB can be developed into Greek indices:

¡°®¯=
1
2
g°K (@®g¯K + @¯g®K ¡ @Kg®¯)

) ¡°®¯ =
1
2
g°² (@®g¯² + @¯g®² ¡ @²g®¯) + 1

2
g°¹² (@®g¯¹² + @¯g®¹² ¡ @¹²g®¯)

¡°
® ¹̄
= 1

2
g°K

³
@®g ¹̄K + @ ¹̄g®K ¡ @Kg® ¹̄

´
) ¡°

® ¹̄
= 1

2
g°²

³
@®g ¹̄² + @ ¹̄g®² ¡ @²g® ¹̄

´
+ 1

2
g°¹²

³
@®g ¹̄¹² + @ ¹̄g®¹² ¡ @¹²g® ¹̄

´
¡°¹®¯=

1
2
g°K (@¹®g¯K + @¯g¹®K ¡ @Kg¹®¯)

) ¡°¹®¯ =
1
2
g°² (@¹®g¯² + @¯g¹®² ¡ @²g¹®¯) + 1

2
g°¹² (@¹®g¯¹² + @¯g¹®¹² ¡ @¹²g¹®¯)

¡°
¹® ¹̄
= 1

2
g°K

³
@¹®g ¹̄K + @ ¹̄g¹®K ¡ @Kg¹® ¹̄

´
) ¡°

¹® ¹̄
= 1

2
g°²

³
@¹®g ¹̄² + @ ¹̄g¹®² ¡ @²g¹® ¹̄

´
+ 1

2
g°¹²

³
@¹®g ¹̄¹² + @ ¹̄g¹®¹² ¡ @¹²g¹® ¹̄

´

And so forth for ¡¹°
¹® ¹̄
, ¡¹°¹®¯ , ¡

¹°
® ¹̄
, ¡¹°®¯ .

5 The covariant derivatives

The covariant derivatives are expressed by:

DCV
A = @CV

A + ¡AKCV
K , DCVA = @CVA ¡ ¡KACVK

DCT
AB = @CT

AB + ¡AKCT
KB + ¡BKCT

AK , DCTAB = @CTAB ¡ ¡KACTKB ¡ ¡KBCTAK
DCT

B
A = @CA

B
A ¡ ¡KACTBK + ¡BKCTKA , DC

³
V AV B

´
= DCV

AV B + V ADCV
B

DC
³
V AVB

´
= DCV

AVB + V
ADCVB , DC (VAVB) = DCVAVB + VADCVB

These expressions can be developed into Greek indices:

D°T
®¯ = @°T

®¯ + ¡®K°T
K¯ + ¡¯K°T

®K = @°T
®¯ + ¡®²°T

²¯ + ¡®¹²°T
¹²¯ + ¡¯²°T

®² + ¡¯¹²°T
®¹²

D¹°T
®¯ = @¹°T

®¯ + ¡®K¹°T
K¯ + ¡¯K¹°T

®K = @¹°T
®¯ + ¡®²¹°T

²¯ + ¡®¹²¹°T
¹²¯ + ¡¯²¹°T

®² + ¡¯¹²¹°T
®¹²

D°
³
V ®V ¯

´
= D°V

®V ¯ + V ®D°V
¯
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6 The covariant derivatives of the metric tensor

When the Christo®el symbols are expressed by (3), we have:

DCgAB = DCg
AB = 0 (4)

This relation can be developed into Greek indices:

D°g®¯ = D¹°g®¯ = D°g® ¹̄ = D¹°g® ¹̄ = D°g
®¯ = D¹°g

®¯ = D°g
® ¹̄ = D¹°g

® ¹̄ = 0

7 The Riemann and the Ricci curvature tensors

The calculation TCAB = DCDAVB ¡DADCVB leads to the result TCAB = RDCABVD
where RDCAB = @A¡

D
BC ¡ @C¡DAB + ¡DAL¡LCB ¡ ¡LAB¡DLC is the Riemann curvature tensor.

By contracting the Riemann curvature tensor, we obtain the Ricci curvature tensor:

RAB = R
K
KAB = @A¡

K
BK ¡ @K¡KAB + ¡KAL¡LKB ¡ ¡LAB¡KLK , symmetric (5)

The symmetry of RAB follows from the fact that ¡KAK = 1
2
@A ln jgj , where g = determinant of

gAB = jgABj

RAB can be developed into Greek indices:

R®¯= @®¡
K
¯K ¡ @K¡K®¯ + ¡K®L¡LK¯ ¡ ¡L®¯¡KLK

) R®¯ = @®¡
²
¯² + @®¡

¹²
¯¹² ¡ @²¡²®¯ ¡ @¹²¡¹²®¯ + ¡²®L¡L²¯ + ¡¹²®L¡L¹²¯ ¡ ¡L®¯¡²L² ¡ ¡L®¯¡¹²L¹²

) R®¯ =@®¡
²
¯² + @®¡

¹²
¯¹² ¡ @²¡²®¯ ¡ @¹²¡¹²®¯ + ¡²®µ¡µ²¯ + ¡²®¹µ¡

¹µ
²¯ + ¡

¹²
®µ¡

µ
¹²¯ + ¡

¹²
®¹µ¡

¹µ
¹²¯

¡¡µ®¯¡²µ² ¡ ¡¹µ®¯¡²¹µ² ¡ ¡µ®¯¡¹²µ¹² ¡ ¡¹µ®¯¡¹²¹µ¹²

R® ¹̄= @®¡
K
¹̄K ¡ @K¡K® ¹̄ + ¡K®L¡LK ¹̄ ¡ ¡L® ¹̄¡KLK

) R® ¹̄ = @®¡
²
¹̄² + @®¡

¹²
¹̄¹² ¡ @²¡²® ¹̄ ¡ @¹²¡¹²® ¹̄ + ¡²®L¡L² ¹̄ + ¡¹²®L¡L¹² ¹̄ ¡ ¡L® ¹̄¡²L² ¡ ¡L® ¹̄¡¹²L¹²

) R® ¹̄ =@®¡
²
¹̄² + @®¡

¹²
¹̄¹² ¡ @²¡²® ¹̄ ¡ @¹²¡¹²® ¹̄ + ¡²®µ¡µ² ¹̄ + ¡²®¹µ¡¹µ² ¹̄ + ¡¹²®µ¡µ¹² ¹̄ + ¡¹²®¹µ¡¹µ¹² ¹̄

¡¡µ® ¹̄¡²µ² ¡ ¡¹µ® ¹̄¡²¹µ² ¡ ¡µ® ¹̄¡¹²µ¹² ¡ ¡¹µ® ¹̄¡¹²¹µ¹²
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8 The principle of equivalence

One consequence of the principle of equivalence is that we can make \appear" a gravitational
¯eld from a °at spacetime by applying a coordinate transformation. Another consequence of the
principle of equivalence is that we can locally make the gravitational ¯eld \disappear" by applying
an appropriate coordinate transformation.

A similar result does not exist for the electromagnetic ¯eld. We can not make appear an electromag-
netic ¯eld from a °at spacetime by applying a coordinate transformation. Also, we can not locally
make the electromagnetic ¯eld disappear by applying an appropriate coordinate transformation.

The metric being considered in this essay is particularly adapted to this situation. A °at spacetime
is characterized by:

gAB = ±AB ) g®¯ = ±®¯ and g® ¹̄ = 0 where ±®¯ = 1 if ® = ¯ and ±®¯ = 0 if ®6= ¯

From the equations (2), we see that when g®¯ = ±®¯ , we obtain ¶g®¯ 6= ±®¯ when we apply a
coordinate transformation. Also, we see that when g® ¹̄ = 0 , we obtain ¶g® ¹̄ = 0 when we apply a
coordinate transformation. It is therefore natural to consider g®¯ as the gravitational ¯eld potentials
and to consider g® ¹̄ as the electromagnetic ¯eld potentials.

From the equations (2) and the previous paragraph, we also see that the only way to locally obtain
a °at spacetime (gAB = ±AB) by applying an appropriate coordinate transformation, is to have no
electromagnetic ¯eld (g® ¹̄ = 0).

9 The ¯elds equations

As the Hamiltonien function, we shall consider H = R
q
jgjd− = 0 where R = gKLRKL ,

g = determinant of gAB = jgABj and d− = dz1dz2dz3dz4dz¹1dz¹2dz¹3dz¹4 .

The calculation ±H = 0 (the variation is operated on the gAB) leads to the following ¯elds equations:

GAB = RAB ¡ 1
2
gABR = 0 , with DKG

AK = 0 (from the Bianchi identities) (6)

For GAB = 0 , we conclude that R = 0 and by consequence, that RAB = 0 .
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10 The linearization of the ¯elds equations: the classical

method

We shall assume that the components of the metric tensor can be expanded into a series:

gAB = ±AB + hAB = ±AB + ¸hAB
1
+¸2 hAB

2
+ ¢ ¢ ¢

By making use of this series, the ¯elds equations can be expanded into successive approximations.
If we limit ourselves to the ¯rst approximation, we obtain:

RAB
1
= @A¡

L
BL
1
¡ @L¡LAB

1
with ¡LBL

1
= 1

2

µ
@BhLL

1

¶
and ¡LAB

1
= 1

2

µ
@AhBL

1
+ @BhAL

1
¡ @LhAB

1

¶
) RAB

1
= 1

2

µ
@L@LhAB

1
+ @A@BhLL

1
¡ @L@AhBL

1
¡ @L@BhAL

1

¶

The calculation is simpli¯ed by the introduction of the following quantities:

°AB= hAB ¡ 1
2
±ABh, hAB = °AB ¡ 1

6
±AB° ) hAB

1
= °AB

1
¡ 1

6
±AB°

1
(for ±KK = 8)

) RAB
1
= 1

2

µ
@L@L°AB

1
¡ 1

6
±AB@L@L°

1
¡ @L@A°BL

1
¡ @L@B°AL

1

¶
) R

1
= 1

2

µ
¡1
3
@L@L°

1
¡ 2@L@T°LT

1

¶
) GAB

1
= RAB

1
¡ 1

2
±ABR

1
= 1

2

µ
@L@L°AB

1
+ ±AB@L@T°LT

1
¡ @L@A°BL

1
¡ @L@B°AL

1

¶

If we impose @L°LA = 0 for the choice of the coordinate system, we obtain the following linearization
of the ¯elds equations GAB

1
= 0:

@L@L °AB
1
= 0

These equations can be developed into Greek indices:

@²@²°®¯
1

+ @¹²@¹²°®¯
1

= 0

@²@²°® ¹̄
1

+ @¹²@¹²°® ¹̄
1

= 0

At this point, we could say that the ¯rst equation is formally equivalent to the classical Poisson
equation @l@lÁ = 0 of the gravitational ¯eld in the empty space. We could also say that the
second equation is formally equivalent to the classical d'Alembert equation @²@²Al = 0 of the
electromagnetic ¯eld in the empty space. However, it is not clear which part of °®¯ plays the role of
the gravitational potential Á and which part of °® ¹̄ plays the role of the electromagnetic potentials
Aa. For this, we need to establish the classical equations of motions for charged mass points, which
will be the subject of the next section.
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11 The linearization of the ¯elds equations: the \Einstein-

Infeld-Ho®mann" (EIH) method

The so-called \Einstein-Infeld-Ho®mann" (EIH) method of linearization is more complicated than
the classical one, but it leads to more physical results. For a detailed description of this method,
we refer to [1, 2, 3].

The basic idea behind the EIH method is to take into account the fact that the time derivative
of a quantity is small relatively to the quantity itself and to its spatial derivatives. If Á is such a
quantity, it is assumed that @aÁ and @¹aÁ are of the same order of magnitude than Á, and that @4Á
and @¹4Á are of the order c

¡1Á (c being the speed of light).

As for the classical linearization method, the ¯elds equations will be expanded by making use of
the following quantities:

gAB = ±AB + hAB , °AB = hAB ¡ 1
2
±ABh, hAB = °AB ¡ 1

6
±AB°

Following the EIH method, we shall assume that theses quantities can be expanded into the following
series:

°ab = c
¡4°ab

4
+ c¡6°ab

6
+ ¢ ¢ ¢ , °a¹b = c

¡4°a¹b
4
+ c¡6°a¹b

6
+ ¢ ¢ ¢

°a4 = c
¡3°a4

3
+ c¡5°a4

5
+ ¢ ¢ ¢ , °a¹4 = c

¡3°a¹4
3
+ c¡5°a¹4

5
+ ¢ ¢ ¢

°44 = c
¡2°44

2
+ c¡4°44

4
+ ¢ ¢ ¢ , °4¹4 = c

¡2°4¹4
2
+ c¡4°4¹4

4
+ ¢ ¢ ¢

hab = c
¡2hab

2
+ c¡4hab

4
+ ¢ ¢ ¢ , ha¹b = c

¡4ha¹b
4
+ c¡6ha¹b

6
+ ¢ ¢ ¢

ha4 = c
¡3ha4

3
+ c¡5ha4

5
+ ¢ ¢ ¢ , ha¹4 = c

¡3ha¹4
3
+ c¡5ha¹4

5
+ ¢ ¢ ¢

h44 = c
¡2h44

2
+ c¡4h44

4
+ ¢ ¢ ¢ , h4¹4 = c

¡2h4¹4
2
+ c¡4h4¹4

4
+ ¢ ¢ ¢

The di®erent power expansion of the °-series is justi¯ed by the fact that we shall impose
@L°LA = 0) @l°la + @4°4a+ @¹l°¹la + @¹4°¹4a = 0 and @l°l4+ @4°44 + @¹l°¹l4 + @¹4°¹44 = 0 for the choice of
the coordinate system.

The power expansion of the h-series follows from the °-series. The following components are needed:

hab
2
= ¡1

3
±ab°44

2
) hll

2
= ¡°44

2
, ha¹b

2
= 0

hab
4
= °ab

4
¡ 1

3
±ab°ll

4
¡ 1

3
±ab°44

4
) hll

4
= ¡°44

4
, ha¹b

4
= °a¹b

4

ha4
3
= °a4

3
, ha¹4

3
= °a¹4

3

h44
2
= 2

3
°44
2

, h4¹4
2
= °4¹4

2

h44
4
= 2

3
°44
4
¡ 1

3
°ll
4

, h4¹4
4
= °4¹4

4

We shall further impose that °44
2
= °¹4¹4

2
, °44

4
= °¹4¹4

4
and °ll

4
= °¹l¹l

4
.

9



For gALg
LB = ±BA , we have:

hab
2
= ¡hab

2
= 1

3
±ab°44

2
, ha

¹b

2
= ¡ha¹b

2
= 0

ha4
3
= ¡ha4

3
= ¡°a4

3
, ha

¹4

3
= ¡ha¹4

3
= ¡°a¹4

3

h44
2
= ¡h44

2
= ¡2

3
°44
2

, h4
¹4

2
= ¡h4¹4

2
= ¡°4¹4

2

By making use of these series, the ¯elds equations can be expanded into successive approximations.
As we shall see below, the ¯rst one leads to the mass and the charge conservation laws, and the
second one leads to the equations of motion.

11.1 The ¯rst approximation: the mass and the charge conservation

laws

For the components of the Christo®el symbols, we obtain the following expressions:

¡cab
2
= 1

2
@ahbc

2
+ 1

2
@bhac

2
¡ 1

2
@chab

2
) ¡cab

2
= ¡1

6
±bc@a°44

2
¡ 1

6
±ac@b°44

2
+ 1

6
±ab@c°44

2

¡4ab
3
= 1

2
@ahb4

3
+ 1

2
@bha4

3
¡ 1

2
@4hab

2
) ¡4ab

3
= 1

2
@a°b4

3
+ 1

2
@b°a4

3
+ 1

6
±ab@4°44

2

¡ca4
3
= 1

2
@ah4c

3
+ 1

2
@4hac

2
¡ 1

2
@cha4

3
) ¡ca4

3
= 1

2
@a°4c

3
¡ 1

6
±ac@4°44

2
¡ 1

2
@c°a4

3

¡4a4
2
= 1

2
@ah44

2
) ¡4a4

2
= 1

3
@a°44

2

¡c44
2
= ¡1

2
@ch44

2
) ¡c44

2
= ¡1

3
@c°44

2

¡444
3
= 1

2
@4h44

2
) ¡444

3
= 1

3
@4°44

2

¡ca¹b
2

= 1
2
@¹bhac

2
) ¡ca¹b

2

= ¡1
6
±ac@¹b°44

2

¡4a¹b
3

= 1
2
@ah¹b4

3
+ 1

2
@¹bha4

3
) ¡4a¹b

3

= 1
2
@a°¹b4

3
+ 1

2
@¹b°a4

3

¡ca¹4
3
= 1

2
@ah¹4c

3
+ 1

2
@¹4hac

2
¡ 1

2
@cha¹4

3
) ¡ca¹4

3
= 1

2
@a°¹4c

3
¡ 1

6
±ac@¹4°44

2
¡ 1

2
@c°a¹4

3

¡4a¹4
2
= 1

2
@ah¹44

2
) ¡4a¹4

2
= 1

2
@a°¹44

2

¡c4¹4
2
= ¡1

2
@ch4¹4

2
) ¡c4¹4

2
= ¡1

2
@c°4¹4

2

¡44¹4
3
= 1
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For the components of the Ricci curvature tensor, we obtain the following expressions:
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The ¯elds equations of the ¯rst approximation become:
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We shall impose the following conditions for the choice of the coordinate system:

@L°LA = 0) @l°la + @4°4a + @¹l°¹la + @¹4°¹4a = 0 and @l°l4 + @4°44 + @¹l°¹l4 + @¹4°¹44 = 0 (8)

The ¯elds equations of the ¯rst approximation become:
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The mathematical world of classical physics is based on a 4-dimensional spacetime. In order to
take this fact into account, we shall further restrict the equations (9) so that they hold separately
in each of the two 4-dimensional spacetime being considered:
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It is clear that the solutions to the equations (10) are also solutions to the equations (9) if they
have the following form:

°AB = °AB (z
®; z ¹®) = °AB (z

®) + °AB (z
¹®)) °²µ = °¹²¹µ , °²¹µ = °¹²µ and @²@¹µ°AB = 0 (11)

At this point, we can understand why the Lorentz transformation must be linear in classical physics.
For the metric transforms according to (2), we conclude that the only coordinate transformations
that preserve the form of (11) are the linear coordinate transformations. From the theory of rela-
tivity, we know that the Lorentz transformation is the only linear coordinate transformation which
preserves the form of the Maxwell equations. The conclusion that the Lorentz transformation must
be linear provides the explanation to the fact that certain coordinate systems (the inertial systems)
are privileged in classical physics.
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As the solutions of equations (10), we shall choose the following expressions:
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These solutions representsN charged mass points. The 3N functions
k

yl of z4 determine the locations
of the N charged mass points at every time z4 .

We shall now prove that the masses
k
¹ and the charges

k
½ are constant. If we take into account the

results of (10) and (11) to rewrite the ¯elds equations (7), we obtain:
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Each of these equations contain the divergence of a skewsymmetric expression which is equivalent
to a curl. According to the Stockes's theorem, the integral of a curl taken over a closed surface
vanishes. If we apply this result to a closed surface which encloses the pth charged mass point,
we obtain (with ´a being the cosine of the angle between the z

a coordinate and the normal of the
surface element dS):
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11.2 The second approximation: the equations of motion

For the components of the Christo®el symbols, the following expressions are needed:
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For the components of the Ricci curvature tensor, the following expressions are needed:
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If we impose the conditions (8) and (11), we obtain:
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From now on, the argument proceeds as in the case of the mass and charge conservation laws. If
we form the integrals of Gab
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´b over a closed surface S, then these integrals must vanish. We have:
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We shall choose for S a small spherical surface with the radius R, the center of which is the pth
charged mass point. We have:
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We may rewrite the solutions (12):
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For the values of the integrals (13) do not depend on the size of S, they must be independent of
R. If the integrands are expanded into power series with respect to R, then all those terms which
contain R in any power other than R¡2 cannot contribute to the integrals. We shall therefore
reduce the necessary computations by expanding all terms in the integrands into power series and
by neglecting all expressions which are not multiplied by R¡2 . We have:
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We therefore obtain:
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If we pose:
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We obtain, for dz4 = icdt , the classical equations of motion for charged mass points:
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We recognize in (15) the Newton inertial force, the Newton gravitational force and the

Coulomb electrostatic force. We conclude from (12) and (15) that °44
2
represents the gravitational

potential and that °4¹4
2
represents the electrostatic potential. Therefore, we conclude from the

equation @l°l¹4
3
+ @4°4¹4

2
= 0 of (10) that °®¹4

2
represent the electromagnetic potentials Aa. Finally,

we conclude from (14) that the electromagnetic ¯eld could not exist without the gravitational ¯eld

(
k
½= 0 if G = 0).

12 conclusion

We have shown that the linearization of the equations (6) leads to the \Newton-Maxwell-Lorentz"
results of classical physics. That is, the gravitational ¯eld and the electromagnetic ¯eld of charged
mass points and their equations of motion. We have also seen that the formal conditions (11) must
be imposed to the solutions of the linearized equations (10) to achieve these results.

The formal conditions (11) cannot be directly imposed to the solutions of the equations (6). This
mean that in the most general case, a physical interpretation must be given to the double spacetime
being considered. We believe that this can only be achieved by ¯nding exact solutions (generalized
Schwarzschild solutions) to the equations (6). We did not try to achieve this result in this essay.
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14 GNU Free Documentation License

Version 1.1, March 2000

Copyright c° 2000 Free Software Foundation, Inc.
59 Temple Place, Suite 330, Boston, MA 02111-1307 USA
Everyone is permitted to copy and distribute verbatim copies of this license document, but changing
it is not allowed.

Preamble

The purpose of this License is to make a manual, textbook, or other written document \free" in
the sense of freedom: to assure everyone the e®ective freedom to copy and redistribute it, with or
without modifying it, either commercially or noncommercially. Secondarily, this License preserves
for the author and publisher a way to get credit for their work, while not being considered responsible
for modi¯cations made by others.
This License is a kind of \copyleft", which means that derivative works of the document must

themselves be free in the same sense. It complements the GNU General Public License, which is a
copyleft license designed for free software.
We have designed this License in order to use it for manuals for free software, because free

software needs free documentation: a free program should come with manuals providing the same
freedoms that the software does. But this License is not limited to software manuals; it can be used
for any textual work, regardless of subject matter or whether it is published as a printed book. We
recommend this License principally for works whose purpose is instruction or reference.

14.1 Applicability and De¯nitions

This License applies to any manual or other work that contains a notice placed by the copyright
holder saying it can be distributed under the terms of this License. The \Document", below, refers
to any such manual or work. Any member of the public is a licensee, and is addressed as \you".
A \Modi¯ed Version" of the Document means any work containing the Document or a portion

of it, either copied verbatim, or with modi¯cations and/or translated into another language.
A \Secondary Section" is a named appendix or a front-matter section of the Document that

deals exclusively with the relationship of the publishers or authors of the Document to the Docu-
ment's overall subject (or to related matters) and contains nothing that could fall directly within
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that overall subject. (For example, if the Document is in part a textbook of mathematics, a Sec-
ondary Section may not explain any mathematics.) The relationship could be a matter of historical
connection with the subject or with related matters, or of legal, commercial, philosophical, ethical
or political position regarding them.
The \Invariant Sections" are certain Secondary Sections whose titles are designated, as being

those of Invariant Sections, in the notice that says that the Document is released under this License.
The \Cover Texts" are certain short passages of text that are listed, as Front-Cover Texts or

Back-Cover Texts, in the notice that says that the Document is released under this License.
A \Transparent" copy of the Document means a machine-readable copy, represented in a format

whose speci¯cation is available to the general public, whose contents can be viewed and edited
directly and straightforwardly with generic text editors or (for images composed of pixels) generic
paint programs or (for drawings) some widely available drawing editor, and that is suitable for input
to text formatters or for automatic translation to a variety of formats suitable for input to text
formatters. A copy made in an otherwise Transparent ¯le format whose markup has been designed
to thwart or discourage subsequent modi¯cation by readers is not Transparent. A copy that is not
\Transparent" is called \Opaque".
Examples of suitable formats for Transparent copies include plain ASCII without markup, Tex-

info input format, LATEX input format, SGML or XML using a publicly available DTD, and standard-
conforming simple HTML designed for human modi¯cation. Opaque formats include PostScript,
PDF, proprietary formats that can be read and edited only by proprietary word processors, SGML
or XML for which the DTD and/or processing tools are not generally available, and the machine-
generated HTML produced by some word processors for output purposes only.
The \Title Page" means, for a printed book, the title page itself, plus such following pages as

are needed to hold, legibly, the material this License requires to appear in the title page. For works
in formats which do not have any title page as such, \Title Page" means the text near the most
prominent appearance of the work's title, preceding the beginning of the body of the text.

14.2 Verbatim Copying

You may copy and distribute the Document in any medium, either commercially or noncommercially,
provided that this License, the copyright notices, and the license notice saying this License applies
to the Document are reproduced in all copies, and that you add no other conditions whatsoever
to those of this License. You may not use technical measures to obstruct or control the reading
or further copying of the copies you make or distribute. However, you may accept compensation
in exchange for copies. If you distribute a large enough number of copies you must also follow the
conditions in section 3.
You may also lend copies, under the same conditions stated above, and you may publicly display

copies.

14.3 Copying in Quantity

If you publish printed copies of the Document numbering more than 100, and the Document's
license notice requires Cover Texts, you must enclose the copies in covers that carry, clearly and
legibly, all these Cover Texts: Front-Cover Texts on the front cover, and Back-Cover Texts on the
back cover. Both covers must also clearly and legibly identify you as the publisher of these copies.
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The front cover must present the full title with all words of the title equally prominent and visible.
You may add other material on the covers in addition. Copying with changes limited to the covers,
as long as they preserve the title of the Document and satisfy these conditions, can be treated as
verbatim copying in other respects.
If the required texts for either cover are too voluminous to ¯t legibly, you should put the ¯rst

ones listed (as many as ¯t reasonably) on the actual cover, and continue the rest onto adjacent
pages.
If you publish or distribute Opaque copies of the Document numbering more than 100, you

must either include a machine-readable Transparent copy along with each Opaque copy, or state in
or with each Opaque copy a publicly-accessible computer-network location containing a complete
Transparent copy of the Document, free of added material, which the general network-using public
has access to download anonymously at no charge using public-standard network protocols. If
you use the latter option, you must take reasonably prudent steps, when you begin distribution of
Opaque copies in quantity, to ensure that this Transparent copy will remain thus accessible at the
stated location until at least one year after the last time you distribute an Opaque copy (directly
or through your agents or retailers) of that edition to the public.
It is requested, but not required, that you contact the authors of the Document well before

redistributing any large number of copies, to give them a chance to provide you with an updated
version of the Document.

14.4 Modi¯cations

You may copy and distribute a Modi¯ed Version of the Document under the conditions of sections
2 and 3 above, provided that you release the Modi¯ed Version under precisely this License, with
the Modi¯ed Version ¯lling the role of the Document, thus licensing distribution and modi¯cation
of the Modi¯ed Version to whoever possesses a copy of it. In addition, you must do these things in
the Modi¯ed Version:

² Use in the Title Page (and on the covers, if any) a title distinct from that of the Document,
and from those of previous versions (which should, if there were any, be listed in the History
section of the Document). You may use the same title as a previous version if the original
publisher of that version gives permission.

² List on the Title Page, as authors, one or more persons or entities responsible for authorship of
the modi¯cations in the Modi¯ed Version, together with at least ¯ve of the principal authors
of the Document (all of its principal authors, if it has less than ¯ve).

² State on the Title page the name of the publisher of the Modi¯ed Version, as the publisher.
² Preserve all the copyright notices of the Document.
² Add an appropriate copyright notice for your modi¯cations adjacent to the other copyright
notices.

² Include, immediately after the copyright notices, a license notice giving the public permis-
sion to use the Modi¯ed Version under the terms of this License, in the form shown in the
Addendum below.
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² Preserve in that license notice the full lists of Invariant Sections and required Cover Texts
given in the Document's license notice.

² Include an unaltered copy of this License.
² Preserve the section entitled \History", and its title, and add to it an item stating at least
the title, year, new authors, and publisher of the Modi¯ed Version as given on the Title Page.
If there is no section entitled \History" in the Document, create one stating the title, year,
authors, and publisher of the Document as given on its Title Page, then add an item describing
the Modi¯ed Version as stated in the previous sentence.

² Preserve the network location, if any, given in the Document for public access to a Transparent
copy of the Document, and likewise the network locations given in the Document for previous
versions it was based on. These may be placed in the \History" section. You may omit a
network location for a work that was published at least four years before the Document itself,
or if the original publisher of the version it refers to gives permission.

² In any section entitled \Acknowledgements" or \Dedications", preserve the section's title, and
preserve in the section all the substance and tone of each of the contributor acknowledgements
and/or dedications given therein.

² Preserve all the Invariant Sections of the Document, unaltered in their text and in their titles.
Section numbers or the equivalent are not considered part of the section titles.

² Delete any section entitled \Endorsements". Such a section may not be included in the
Modi¯ed Version.

² Do not retitle any existing section as \Endorsements" or to con°ict in title with any Invariant
Section.

If the Modi¯ed Version includes new front-matter sections or appendices that qualify as Sec-
ondary Sections and contain no material copied from the Document, you may at your option
designate some or all of these sections as invariant. To do this, add their titles to the list of Invari-
ant Sections in the Modi¯ed Version's license notice. These titles must be distinct from any other
section titles.
You may add a section entitled \Endorsements", provided it contains nothing but endorsements

of your Modi¯ed Version by various parties { for example, statements of peer review or that the
text has been approved by an organization as the authoritative de¯nition of a standard.
You may add a passage of up to ¯ve words as a Front-Cover Text, and a passage of up to

25 words as a Back-Cover Text, to the end of the list of Cover Texts in the Modi¯ed Version.
Only one passage of Front-Cover Text and one of Back-Cover Text may be added by (or through
arrangements made by) any one entity. If the Document already includes a cover text for the same
cover, previously added by you or by arrangement made by the same entity you are acting on behalf
of, you may not add another; but you may replace the old one, on explicit permission from the
previous publisher that added the old one.
The author(s) and publisher(s) of the Document do not by this License give permission to use

their names for publicity for or to assert or imply endorsement of any Modi¯ed Version.
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14.5 Combining Documents

You may combine the Document with other documents released under this License, under the terms
de¯ned in section 4 above for modi¯ed versions, provided that you include in the combination all
of the Invariant Sections of all of the original documents, unmodi¯ed, and list them all as Invariant
Sections of your combined work in its license notice.
The combined work need only contain one copy of this License, and multiple identical Invariant

Sections may be replaced with a single copy. If there are multiple Invariant Sections with the same
name but di®erent contents, make the title of each such section unique by adding at the end of
it, in parentheses, the name of the original author or publisher of that section if known, or else a
unique number. Make the same adjustment to the section titles in the list of Invariant Sections in
the license notice of the combined work.
In the combination, you must combine any sections entitled \History" in the various original

documents, forming one section entitled \History"; likewise combine any sections entitled \Ac-
knowledgements", and any sections entitled \Dedications". You must delete all sections entitled
\Endorsements."

14.6 Collections of Documents

You may make a collection consisting of the Document and other documents released under this
License, and replace the individual copies of this License in the various documents with a single
copy that is included in the collection, provided that you follow the rules of this License for verbatim
copying of each of the documents in all other respects.
You may extract a single document from such a collection, and distribute it individually under

this License, provided you insert a copy of this License into the extracted document, and follow this
License in all other respects regarding verbatim copying of that document.

14.7 Aggregation With Independent Works

A compilation of the Document or its derivatives with other separate and independent documents or
works, in or on a volume of a storage or distribution medium, does not as a whole count as a Modi¯ed
Version of the Document, provided no compilation copyright is claimed for the compilation. Such
a compilation is called an \aggregate", and this License does not apply to the other self-contained
works thus compiled with the Document, on account of their being thus compiled, if they are not
themselves derivative works of the Document.
If the Cover Text requirement of section 3 is applicable to these copies of the Document, then

if the Document is less than one quarter of the entire aggregate, the Document's Cover Texts may
be placed on covers that surround only the Document within the aggregate. Otherwise they must
appear on covers around the whole aggregate.

14.8 Translation

Translation is considered a kind of modi¯cation, so you may distribute translations of the Docu-
ment under the terms of section 4. Replacing Invariant Sections with translations requires special
permission from their copyright holders, but you may include translations of some or all Invariant
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Sections in addition to the original versions of these Invariant Sections. You may include a trans-
lation of this License provided that you also include the original English version of this License. In
case of a disagreement between the translation and the original English version of this License, the
original English version will prevail.

14.9 Termination

You may not copy, modify, sublicense, or distribute the Document except as expressly provided for
under this License. Any other attempt to copy, modify, sublicense or distribute the Document is
void, and will automatically terminate your rights under this License. However, parties who have
received copies, or rights, from you under this License will not have their licenses terminated so
long as such parties remain in full compliance.

14.10 Future Revisions of This License

The Free Software Foundation may publish new, revised versions of the GNU Free Documentation
License from time to time. Such new versions will be similar in spirit to the present version, but
may di®er in detail to address new problems or concerns. See http://www.gnu.org/copyleft/.
Each version of the License is given a distinguishing version number. If the Document speci¯es

that a particular numbered version of this License \or any later version" applies to it, you have the
option of following the terms and conditions either of that speci¯ed version or of any later version
that has been published (not as a draft) by the Free Software Foundation. If the Document does
not specify a version number of this License, you may choose any version ever published (not as a
draft) by the Free Software Foundation.

ADDENDUM: How to use this License for your documents

To use this License in a document you have written, include a copy of the License in the document
and put the following copyright and license notices just after the title page:

Copyright c° YEAR YOUR NAME. Permission is granted to copy, distribute and/or
modify this document under the terms of the GNU Free Documentation License, Version
1.1 or any later version published by the Free Software Foundation; with the Invariant
Sections being LIST THEIR TITLES, with the Front-Cover Texts being LIST, and with
the Back-Cover Texts being LIST. A copy of the license is included in the section entitled
\GNU Free Documentation License".

If you have no Invariant Sections, write \with no Invariant Sections" instead of saying which
ones are invariant. If you have no Front-Cover Texts, write \no Front-Cover Texts" instead of
\Front-Cover Texts being LIST"; likewise for Back-Cover Texts.
If your document contains nontrivial examples of program code, we recommend releasing these

examples in parallel under your choice of free software license, such as the GNU General Public
License, to permit their use in free software.
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